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ÁKOS NAGY
Abstract. Ginzburg–Landau fields are the solutions of the Ginzburg–Landau equations
which depend on two positive parameters, α and β. We give conditions on α and β for the
existence of irreducible solutions of these equations. Our results hold for arbitrary compact,
oriented, Riemannian 2-manifolds (for example, bounded domains in R2, spheres, tori, etc.)
with de Gennes–Neumann boundary conditions. We also prove that, for each such manifold
and all positive α and β, the Ginzburg–Landau free energy is a Palais–Smale function on
the space of gauge equivalence classes, Ginzburg–Landau fields exist for only a finite set of
energy values, and the moduli space of Ginzburg–Landau fields is compact.
1. Introduction
Ginzburg–Landau theory is a phenomenological model for superconductivity which gives
variational equations for an Abelian gauge field and a complex scalar field. The gauge
field is the electromagnetic vector potential, while the scalar field can be interpreted as the
wave function of the so-called Bardeen–Cooper–Schrieffer ground state (a single quantum
state occupied by a large number of Cooper pairs); the norm of the scalar field is the order
parameter of the superconducting phase. Thus Ginzburg–Landau fields with non-vanishing
scalar field describe superconducting phases, while vanishing scalar field corresponds to the
normal phases of the material.
This paper investigates the existence — and non-existence — of superconducting phases
in the 2-dimensional Ginzburg–Landau theory. The topic has a vast literature in the case
where the background is a planar (flat) domain in R2 with various boundary conditions; we
recommend [1] for references.
Throughout this paper Σ denotes a compact, oriented, Riemannian 2-manifold, which
can have a non-empty, smooth boundary ∂Σ. The Riemannian metric and the orientation
together define a orthogonal complex structure j and a symplectic form ω. These structures
together make Σ a Kähler manifold. The volume form of Riemannian metric is ω. Let L→ Σ
be a smooth, complex line bundle with hermitian metric h. Fix a unitary curvature tensor F0
with finite L2-norm. We call F0 the external magnetic field. Finally fix two positive coupling
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constants α, β ∈ R+. For each smooth unitary connection ∇ and smooth section φ consider
the Ginzburg–Landau free energy:
EF0α,β(∇,φ) = 12
∫
Σ
(|F∇ − F0|2 + |∇φ|2 − α|φ|2 + β2 |φ|4)ω. (1.1)
Physically, if ∇0 is a unitary connection that satisfies
F∇0 = F0, (1.2)
then the energy (1.1) is the energy difference between the states described by (∇,φ) and
(∇0, 0).
The variational equations of the energy (1.1) — called the Ginzburg–Landau equations
— are gauge invariant, non-linear, second order partial differential equations. If a solution
(∇,φ) is twice (weakly) differentiable, then it satisfies the de Gennes–Neumann boundary
conditions. These boundary conditions describe superconductor-insulator interfaces; see in
Section 2 for details.
Each pair (∇0, 0) that satisfies equation (1.2) is a solution of the Ginzburg–Landau
equations. We call such a pair a normal phase solution, because the order parameter vanishes
identically. The energy (1.1) of any normal phase solution is zero. Note that another pair
(∇, 0) is normal phase solution if and only if the 1-form a = ∇−∇0 is closed. In Abelian gauge
theories, a pair (∇,φ) is called reducible if φ is identically zero, and irreducible otherwise. It
is easy to see that a solution of the Ginzburg–Landau equations is reducible if and only if it
is a normal phase solution.
For the rest of the paper let
λ1 = inf
{∫
Σ
|∇0φ|2ω
∣∣∣∣ F∇0 = F0 and ∫
Σ
|φ|2ω = 1
}
. (1.3)
This non-negative real number depends on the geometric data (Σ, j, ω, L, h) and the
curvature 2-form F0, but independent of the coupling constants, α and β. The quantity λ1
plays a key role in the main theorems of this paper, which are listed below:
Main Theorem 1. [Existence] The Ginzburg–Landau equations with de Gennes–Neumann
boundary conditions admit irreducible solutions if
α > λ1. (1.4)
Moreover, if inequality (1.4) holds, then the absolute minimizers of the energy (1.1) are
irreducible.
2
Main Theorem 2. [Non-existence] If the magnitude |F0| = B0 of the external magnetic
field is constant, then λ1 = B0 and the Ginzburg–Landau equations with de Gennes–Neumann
boundary conditions do not admit irreducible solutions if
max
{
α, α
2β
}
6 λ1. (1.5)
Furthermore, if ∂Σ = ∅ and the degree of L is d = c1(L)[Σ] ∈ Z, then
λ1 =
2pi|d|
Area(Σ)
.
Superconductors with β > 1
2
are called Type II. Main Theorem 1 and Main Theorem 2
imply the following for Type II superconductors:
Main Theorem 3. [The Type II case] If β > 1
2
and the magnitude |F0| = B0 of the external
magnetic field is constant, then the Ginzburg–Landau equations with de Gennes–Neumann
boundary conditions admit irreducible solutions if and only if
α > B0. (1.6)
In fact, if (1.6) holds, then absolute minimizers of the energy (1.1) are irreducible.
When ∂Σ = ∅, then inequality (1.6) is equivalent to
α > 2pi|d|
Area(Σ)
. (1.7)
The results of Main Theorem 3 also hold in the borderline β = 1
2
case, which was proved
in [2, Section 4] by Bradlow. In fact, Main Theorem 3 generalizes the 2-dimensional case of
Bradlow’s result to all parameters β > 1
2
. Inequality (1.7) in Main Theorem 3 provides the
following phase diagram for Type II superconductors on closed 2-manifolds with constant
external magnetic field:
α
α = τ2
In the critical β = 12 case, for each
value of α, the absolute minimiz-
ers on this line are called τ -vortices,
where τ = 2α; see [2].A
B
Area
Phase diagram for the β > 1
2
case: In Region A, defined by α 6 λ1, only
reducible solutions exist (Normal Phase). In the complementary Region B
(shaded) there exist irreducible solutions (Superconductor Phase).
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We remark, that on surfaces with boundary there is a similar phase diagram, since 2pid, in
inequality (1.7) can be replaced by the magnetic flux of the external magnetic field, φ0; see
equation (2.5).
Our last main theorem uses a recent result of Feehan and Maridakis about the Łojasiewicz–
Simon inequality for analytic functions on Banach spaces [7]. We show that solutions for the
Ginzburg–Landau equations (2.2a) and (2.2b) with de Gennes–Neumann boundary conditions
exist only at finitely many energies, and the moduli space of Ginzburg–Landau fields, that is
the quotient of the set of critical points of energy (1.1) by the action of the gauge group G
(see definition in Section 2), is compact.
Main Theorem 4. [Compactness] The Ginzburg–Landau free energy (1.1) has finitely many
critical values. Furthermore, the moduli space of Ginzburg–Landau fields
MF0α,β = {(∇,φ) | (∇,φ) solves equations (2.1a) and (2.1b)}/G. (1.8)
is compact.
Finally, we remark that there are similar results to Main Theorem 1 and Main Theorem 2,
in the context of Abrikosov lattices, by Sigal and Tzaneteas; see [9,10]. Abrikosov lattices are
Z2-(gauge)-periodic solutions to the Ginzburg–Landau equations on the euclidean plane, R2.
Here R2 is viewed as the universal cover of the flat torus, and Z2 acts via deck transformations.
Furthermore, it came to our attention during the preparation of this paper that Chouchkov
et al. has generalized these results to surfaces of higher genus with hyperbolic metrics [3].
This paper is organized as follows. Section 2 is a brief introduction to the Ginzburg–
Landau theory on compact surfaces. In Section 3 we establish Main Theorem 1 by proving
that Ginzburg–Landau free energy (1.1) is a Palais–Smale function on the space of gauge
equivalence classes of fields. In Section 4.1 we prove a technical lemma about the solutions
of the Ginzburg–Landau equations; this is used in Section 4.2 to prove Main Theorem 2.
In Section 5 we combine results from the previous sections and a theorem of Feehan and
Maridakis to prove Main Theorem 4.
Acknowledgment. I wish to thank my advisor, Tom Parker, for his advice during the
preparation of this paper. I greatly benefited from the discussions with Paul Feehan and
Manos Maridakis about the Łojasiewicz–Simon inequality. I am also grateful for the help of
Benoit Charbonneau.
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2. Ginzburg–Landau equations on compact surfaces
As is standard in gauge theory we work with the Sobolev Lpk-completions of connection
and fields. For the rest of this paper we fix a connection ∇0 that satisfies equation (1.2).
The Sobolev norms are defined via the Levi-Civita connection of Σ and the connection ∇0.
The norm of any Lpk space are denoted by ‖.‖k,p. Furthermore ‖.‖p stands for ‖.‖0,p, and
〈.|.〉 stands for the real L2 inner products. In dimension 2, L21 embeds in L4. The weakest
Sobolev norm in which the energy (1.1) is C1 (in fact analytic) is L21. Thus let CL be the
L21-closure of the affine space of smooth unitary connections on L and Ω0L be the L21-closure
of the vector space of smooth sections of L. Similarly, let Ωk and ΩkL be the L21-closure of
k-forms and L-valued k-forms, respectively. Note that CL is now an affine space over iΩ1.
The configuration space CL ⊕ Ω0L is an affine space over iΩ1 ⊕ Ω0L. The gauge group G is the
L22-closure of Aut(L) in the L22-topology. The gauge group is canonically isomorphic to the
infinite dimensional Abelian Lie group L22(Σ,U(1)) whose Lie algebra is L22(Σ; iR). Elements
g ∈ G act on smooth pairs (∇,φ) ∈ CL ⊕ Ω0L via
g(∇,φ) = (g ◦ ∇ ◦ g−1, gφ) = (∇+ gdg−1, gφ),
which defines a smooth action of G on CL ⊕ Ω0L.
The energy (1.1) extends to a smooth function on CL ⊕ Ω0L which now can be written as
EF0α,β(∇,φ) = 12‖F∇ − F0‖22 + 12‖∇φ‖22 − α2 ‖φ‖22 + β4‖φ‖44.
Each critical point (∇,φ) ∈ CL ⊕ Ω0L of the energy (1.1) satisfies the following equations:
〈db|F∇ − F0〉+ 〈b|i Im(h(φ,∇φ))〉 = 0 ∀b ∈ iΩ1 (2.1a)
〈∇ψ|∇φ〉+ 〈ψ| − αφ+ β|φ|2φ〉 = 0 ∀ψ ∈ Ω0L. (2.1b)
If the pair (∇,φ) is in L22, then equations (2.1a) and (2.1b) are equivalent to the Ginzburg–
Landau equations:
d∗(F∇ − F0) + i Im(h(φ,∇φ)) = 0 (2.2a)
∇∗∇φ− αφ+ β|φ|2φ = 0, (2.2b)
with the boundary conditions (see [6, page 345]):
F∇ = F0 everywhere on ∂Σ, (2.3a)
∇nφ = 0 ∀n ⊥ ∂Σ. (2.3b)
If one writes ∇−∇0 = a ∈ iΩ1, then equation (2.3a) becomes
da = 0 everywhere on ∂Σ. (2.4)
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De Gennes showed that conditions (2.3a) and (2.3b) describe an interface with super-
conducting material on one side and insulator or vacuum on the other (see [4, page 229]).
Equation (2.3a) corresponds to the continuity of the magnetic field on the boundary. The
1-form
j∇,φ = Im(h(φ,∇φ))
is the supercurrent, that is the current of superconducting Cooper pairs, thus equation (2.3a)
means that no supercurrent is leaving or entering the surface. Since in mathematics equa-
tions (2.3b) and (2.4) are also called the Neumann boundary conditions, we refer to them as
the de Gennes–Neumann boundary conditions.
Chern–Weil theory and equation (2.3a) implies that
φ0 =
∫
Σ
F0 =
∫
Σ
F∇. (2.5)
The interpretation of equation (2.5) is that the magnetic flux through the surface, Σ, is fixed.
By [8, Theorem 2.4] every critical point is gauge equivalent to a smooth one, which in turn
is a solution of the equations (2.2a) and (2.2b). Thus gauge equivalence classes of critical
points of the energy (1.1) are in one-to-one correspondence with gauge equivalence classes of
smooth solutions of the equations (2.2a) and (2.2b).
3. Existence
To prove the existence of irreducible solutions of equations (2.2a) and (2.2b) when α > λ1
we show two things: (i) absolute minimizers of the energy (1.1) exist for all α, β ∈ R+, and
(ii) if α > λ1, then reducible (normal phase) solutions are not absolute minimizers. It follows
that the absolute minimizers are irreducible.
We say that a function E on a Banach space satisfies the Palais–Smale Compactness
Property if every sequence, on which E is bounded and DE (the derivative of E) converges to
zero in the dual of the Banach space, has a convergent subsequence. The next lemma shows
that the energy (1.1) satisfies a gauged version of the Palais–Smale Compactness Property.
Lemma 3.1. Let {(ak,φk)}k∈N be a sequence in iΩ1 ⊕ Ω0L such that {EF0α,β(∇0 + ak,φk)}k∈N
is bounded and {DEF0α,β(∇0 + ak,φk)}k∈N converges to zero in the dual of iΩ1 ⊕ Ω0L. Then
there are sequences of natural numbers, {kl}l∈N, and gauge transformations, {gl ∈ G}l∈N, such
that {gl(∇0 + akl ,φkl)}l∈N is convergent in CL ⊕ Ω0L.
Proof. Since smooth pairs in iΩ1 ⊕Ω0L are dense and the energy (1.1) is a continuous (in fact
an analytic) function on CL ⊕ Ω0L, it is enough to prove the statement for smooth sequences.
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One can complete the square in the last two terms of the energy (1.1) to get a lower bound
in terms of the coupling constants and the area:
EF0α,β
(∇0 + ak,φk) = 12 ∫
Σ
(
|F∇0+ak − F0|2 +
∣∣(∇0 + ak)φk∣∣2 + β2(αβ − |φk|2)2 − α22β)ω
= 1
2
‖F∇0+ak − F0‖22 + 12‖
(∇0 + ak)φk‖22 + β4‖αβ − |φk|2‖22 − α24βArea(Σ).
(3.1)
The right hand side of (3.1) is greater than or equal to the constant −α2
2β
Area(Σ). Since
all terms are positive or constant, they are bounded individually. Equation (3.1), and the
hypotheses of the theorem give us the following:
(1) Since {F∇0+ak}k∈N is bounded in L2 (by equation (3.1) and the hypotheses of the
theorem) the {∇0 +ak}k∈N is has a subsequence, which is gauge equivalent to a weakly
convergent sequence in CL, by [12, Theorem 3.6]. Thus, after replacing the original
sequence with a gauge equivalent one, and then taking a subsequence, we can assume
that {ak}k∈N is weakly convergent and hence bounded in iΩ1. We can still assume
smoothness, due to the density of smooth fields and gauge transformations. By the
Sobolev inequality, {ak}k∈N is also bounded in L4.
(2) We can also require the Coulomb gauge fixing condition to hold (for a subsequence),
that is
d∗ak = 0 & a(n) = 0 ∀n ⊥ ∂Σ, (3.2)
by to the following argument: For all k ∈ N let fk ∈ Ω0 be the unique solution of the
equations
〈df |dfk〉 = 〈f |id∗ak〉 ∀f ∈ Ω0, (3.3)
dfk(n) = 0∀n ⊥ ∂Σ.
Since equation (3.3) is the weak formulation of a Poisson-type equation with Neumann
boundary conditions, solutions exist and unique, up to additive constants; cf. [13,
Chapter 1]. As {d∗ak}k∈N is smooth and bounded in L2, by elliptic regularity {fk}k∈N is
smooth and bounded in L22, and thus has a weakly convergent subsequence, {fkl}l∈N, in
L22. Setting gl = exp(ifkl) for all l ∈ N and replacing {∇0+ak}k∈N with {gl(∇0 + akl) =
∇0 + akl + idfkl}l∈N gives us equation (3.2), while not ruining the weak convergence
and the smoothness of the sequence.
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(3) The integrals
∫
Σ
(
α
β
− |φk|2
)2
ω are uniformly bounded. Since Σ has finite volume,
Jensen’s inequality implies that(
α
β
Area(Σ)− ‖φk‖22
)2
6 Area(Σ)
∫
Σ
(
α
β
− |φk|2
)2
ω.
Thus {φk}k∈N is bounded in L2. But then {φk}k∈N is bounded in L4, because
‖φk‖44 =
∫
Σ
(
α
β
− |φk|2
)2
ω − α2
β2
Area(Σ) + 2‖φk‖22.
(4) Combining (1), (3), and Hölder’s inequality shows that {‖akφk‖2}k∈N is bounded.
(5) Combining (4) and the fact that {‖(∇0 + ak)φk‖2}k∈N is bounded (by equation (3.1)
and the hypotheses of the theorem) we see that {∇0φk}k∈N is bounded in L2.
(6) Combining (1) and (5) proves that {(ak,φk)}k∈N is bounded in iΩ1 ⊕ Ω0L. The
embedding L21 ↪→ Lp is completely continuous for all p > 2; cf. [8, Proposition 2.6].
Thus {(ak,φk)}k∈N is also bounded in Lp for each p > 2.
Let ∇LC be the Levi-Civita connection acting on elements of iΩ1. Since iΩ1⊕Ω0L is Hilbert
space, there is a sequence, {(bk,ψk)}k∈N, such that DEF0α,β(∇0 + ak,φk) is the L21-dual of
(bk,ψk), that is for every (b,ψ) ∈ iΩ1 ⊕ Ω0L
DEF0α,β
(∇0 + ak,φk)(b,ψ) = 〈∇LCb|∇LCbk〉+ 〈b|bk〉+ 〈∇0ψ|∇0ψk〉+ 〈ψ|ψk〉. (3.4)
and thus
‖DEF0α,β
(∇0 + ak,φk)‖−1,2 = ‖(bk,ψk)‖1,2 (3.5)
for all k ∈ N. By hypothesis, the left hand side of equation (3.5) converges to zero, which
implies that {(bk,ψk)}k∈N converges to zero in iΩ1 ⊕ Ω0L as well.
On the other hand, by using the definition of the derivative we get
DEF0α,β
(∇0 + ak,φk)(b,ψ) = ddt(EF0α,β(∇0 + ak + t b,φk + tψ))∣∣t=0
= 〈db|dak〉+ 〈b|i Im
(
h
(
φk,
(∇0 + ak)φk))〉
+ 〈(∇0 + ak)ψ|(∇0 + ak)φk〉 − α〈ψ|φk〉+ β〈ψ||φk|2φk〉. (3.6)
Combining equations (3.4) and (3.6) gives us the equation for all (b,ψ) ∈ iΩ1 ⊕ Ω0L
〈∇LCb|∇LCbk〉+ 〈b|bk〉+ 〈∇0ψ|∇0ψk〉+ 〈ψ|ψk〉 = 〈db|dak〉
+ 〈b|i Im(h(φk, (∇0 + ak)φk))〉
+ 〈(∇0 + ak)ψ|(∇0 + ak)φk〉
− α〈ψ|φk〉+ β〈ψ||φk|2φk〉, (3.7)
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Since equation (3.7) is a linear, elliptic partial differential equation, and {(ak,φk)}k∈N is
smooth, {(bk,ψk)}k∈N is also smooth, by elliptic regularity. Let ∆ = d∗d+dd∗ be the Laplacian
on forms and κ is the Gauss curvature of the Riemannian metric of Σ. By the Weitzenböck
identity,
(∇LC)∗∇LC = ∆−κ on iΩ1. Since both {(ak,φk)}k∈N and {(bk,ψk)}k∈N are smooth,
we can integrate by parts in equation (3.7). Recall that d∗ak = 0, and so ∆ak = d∗dak for all
k ∈ N, to get the following equations for all (b,ψ) ∈ iΩ1 ⊕ Ω0L:
〈b|(∆ + 1− κ)bk −
(
∆ + |φk|2
)
ak − i Im
(
h
(
φk,∇0φk
))〉+ ∂-terms = 0, (3.8a)
〈ψ|((∇0)∗∇0 + 1)ψk − (∇0 + ak)∗(∇0 + ak)φk + αφk − β|φk|2φk〉+ ∂-terms = 0. (3.8b)
Equations equation (3.8a) and (3.8b) imply the following equations in the interior of Σ:
∆(ak − bk) = −|φk|2ak + i Im
(
h
(∇0φk,φk))+ (1− κ)bk (3.9a)(∇0)∗(∇0)(φk −ψk) = −a∗k(∇0φk)− (∇0)∗(akφk)− |ak|2φk + αφk − β|φk|2φk +ψk.
(3.9b)
Since Σ is compact, κ is a bounded function. Thus observations (1)-(6) imply that the right
hand sides of equations (3.9a) and (3.9b) are bounded in L2. Since {(ak − bk,φk −ψk)}k∈N is
also bounded in L2, elliptic regularity implies that it is bounded in L22 as well. The embedding
L22 ↪→ L21 is completely continuous (see [8, Proposition 2.6]), thus {(ak − bk,φk −ψk)}k∈N has
a convergent subsequence in iΩ1⊕Ω0L. Since {(bk,ψk)}k∈N converges to zero by the argument
after equation (3.5), we conclude that {(∇0 + ak,φk)}k∈N has a convergent subsequence in
CL ⊕ Ω0L. 
Corollary 3.2. The infimum of energy (1.1) is achieved by some smooth field (∇,φ) ∈
CL ⊕ Ω0L.
Proof. The energy (1.1) bounded below by (3.1), and hence its infimum is not−∞. Choose any
absolute minimizer sequence {(∇0 + ak,φk)}k∈N. Using [5, Proposition 2.6], we can assume
that {DEF0α,β(∇0 + ak,φk)}k∈N converges to zero in the dual of iΩ1⊕Ω0L. By Lemma 3.1, there
are sequences, {kl}l∈N and {gl}l∈N, such that {gl(∇0 + akl ,φkl)}l∈N converges in CL ⊕ Ω0L.
Since the energy (1.1) is gauge invariant and analytic, the limit is an absolute minimizer and
hence a critical point of the energy (1.1). By [8, Theorem 2.4], all critical points are gauge
equivalent to a smooth pair (∇,φ) ∈ CL ⊕ Ω0L. 
Finally, we show that the infimum cannot be a reducible (normal phase) solution when
α > λ1.
Lemma 3.3. When α > λ1, all minimizing solutions are irreducible.
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Proof. Since all reducible solutions satisfy EF0α,β = 0, it is enough to show that the minimum
of the energy (1.1) is negative. Assume that α > λ1, and pick a positive  which is less than
α − λ1. Using the definition of λ1, equation (1.3), we get that there exist a normal phase
solution, (∇0, 0), and a non-zero section, φ ∈ Ω0L, such that
‖∇0φ‖22 6 (λ1 + )‖φ‖22.
Thus the pair (∇0, t φ) ∈ CL ⊕ Ω0L satisfies
EF0α,β
(∇0, tφ) = t2
2
‖∇0φ‖22 − t2 α2 ‖φ‖22 + t4 β4‖φ‖44 6 t2 12(λ1 + − α)‖φ‖22 + t4 β2‖φ‖44,
which is negative for small enough t since λ1 + − α < 0. Thus the minimum of the energy
(1.1) is negative, and the hence absolute minimizer found in Corollary 3.2 is irreducible. 
Together Corollary 3.2 and Lemma 3.3 prove Main Theorem 1.
Remark 3.4. By the definition of λ1, equation (1.3), it is easy to see (using the Kähler
identities) that
λ1 6 sup
Σ
(|F0|) = ‖F0‖∞.
Thus Main Theorem 1, a fortiori, still holds if λ1 is replaced with the (computationally simpler)
quantity ‖F0‖∞ in inequality (1.4).
4. Non-existence
4.1. Bounds on solutions. First we prove a lemma about critical points which generalizes
a result of Taubes [11, Lemma 3.2], from the β = 1
2
case to all positive values of β.
Lemma 4.1. There exists a positive number CF0α,β such that for all critical points, (∇,φ) ∈
CL ⊕ Ω0L, of energy (1.1) we have the following inequalities:
|φ| 6
√
α
β
(4.1a)
‖F∇ − F0‖2 6 CF0α,β, (4.1b)
If equality holds at any point in inequality (4.1a), then it holds everywhere and L is trivial,
both ∇ and ∇0 are flat, and ∇φ = 0 everywhere.
Moreover, if (∇,φ) is irreducible and F0 solves Maxwell’s equation (that is φ 6= 0 and
d∗F0 = 0), then
|F∇| 6 max
{
α, α
2β
}
− 1
2
|φ|2. (4.2)
Proof. When (∇,φ) is reducible, and hence φ is identically zero, we get F∇ = F0 by
equations (2.2a) and (2.2b). Thus inequalities (4.1a) and (4.1b) hold. We can therefore
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assume that (∇,φ) is irreducible. Because the inequalities in the lemma are gauge invariant,
and every solution is gauge equivalent to a smooth solution, we assume that (∇,φ) is smooth.
Set
w = α
2β
− 1
2
|φ|2, f = iΛF∇, and f0 = iΛF0.
Using equation (2.2b) straightforward computation (see [11, Section III]) provides(
∆ + 2β|φ|2)w = |∇φ|2. (4.3)
Since 2β|φ|2 and |∇φ|2 are both non-negative, the maximum principle (cf. [8, Proposition 3.3])
implies that w is either strictly positive, or vanishes identically, thus proving inequality (4.1a)
and the claim about the case of equality at point. Hence when equality holds φ is a nowhere
zero, thus L is trivial. By equation (2.2b), φ is also parallel with respect to ∇, hence by
equations (2.2a) and (2.2b) ∇ and ∇0 are both flat.
Let ? be the convolution of functions. Let Gφ be the Green’s function of the positive,
elliptic operator ∆ + |φ|2 on Ω0 with Neumann boundary conditions, and similarly, G0 be
a Green’s function of the scalar Laplacian, ∆, on Ω0 with Neumann boundary conditions,
which can be chosen to be everywhere positive. Let y ∈ Σ any, then for all x 6= y(
∆x + |φ|2(x)
)
(G0(x, y)−Gφ(x, y)) = |φ|2(x)G0(x, y) > 0.
Thus by the maximum principle
G0(x, y) > Gφ(x, y). (4.4)
Straightforward computation (see [11, Section III]) provides(
∆ + |φ|2)(f − f0) = |∇1,0φ|2 − |∇0,1φ|2 − |φ|2f0,
and thus∣∣(∆ + |φ|2)(f − f0)∣∣ 6 |∇1,0φ|2+|∇0,1φ|2+|φ|2|f0| 6 (∆ + |φ|2)w+|2β−1|w+αβ |F0|. (4.5)
Both f−f0 and w satisfy the Neumann boundary conditions by equations (2.2a) and (2.3b).
Hence
f − f0 = Gφ ?
(|∇1,0φ|2 − |∇0,1φ|2 − |φ|2f0). (4.6)
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Furthermore recall that 0 6 w 6 α
β
. Thus by inequalities (4.4) and (4.5) and equation (4.6)
we get that
‖f − f0‖2 6 ‖Gφ ?
∣∣(∆ + |φ|2)(f − f0)∣∣‖2
6 ‖Gφ ?
(|∇φ|2 + |φ|2|F0|)‖2
6 ‖G0 ?
(
∆w + 2β|φ|2w + α
β
|F0|
)
‖2
6 α
β
(
1
2
+
(
α
4
+ ‖F0‖2
)‖G0‖).
Setting CF0α,β =
α
β
(1 + (|2β − 1|+ ‖F0‖2)‖G0‖) proves inequality (4.1b).
Finally, assume that (∇,φ) is irreducible and F0 solves Maxwell’s equation. Thus f0 is
constant, and equations (4.3) and (4.6) and the fact that Gφ ? |φ|2 = 1 give us:
|f | = |Gφ ?
(|∇1,0φ|2 − |∇0,1φ|2)|
6 Gφ ?
(|∇φ|2)
= w + (2β − 1)Gφ
(|φ|2w)
6 w + max
{
(2β−1)α
2β
, 0
}(
Gφ ? |φ|2
)
= w + max
{
α− α
2β
, 0
}
= max
{
α, α
2β
}
− 1
2
|φ|2
which proves inequality (4.2). 
4.2. The Proof of Main Theorem 2. Assume again that F0 solves Maxwell’s equation,
and thus f0 is constant where f0 was defined in Lemma 4.1. Then the magnitude of the
external magnetic field
B0 = |F0| = |f0|
is also constant.
The proof of Main Theorem 2. First we prove the statements about λ1. Let (∇0)0,1 be the
Cauchy–Riemann operator associated to the connection ∇0. Using the Kähler identities and
the de Gennes–Neumann boundary conditions we get that(∇0)∗∇0 = 2((∇0)0,1)∗(∇0)0,1 + f0.
Hence if f0 > 0
‖∇0φ‖22 = 2‖
(∇0)0,1φ‖22 + f0‖φ‖22 > B0‖φ‖22,
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for any φ ∈ Ω0L. The lower bound can be achieved by choosing φ to be holomorphic. Such φ
exists, because f0 is non-negative. Similarly, for a negative f0
‖∇0φ‖22 = 2‖∂∇0φ‖22 − f0‖φ‖22 > |f0|‖φ‖22 = B0‖φ‖22,
and the inequality is sharp for non-zero, anti-holomorphic sections, which exist due to the
sign of f0. Hence whenever F0 solves Maxwell’s equations λ1 equals to B0.
Now we prove the claim about non-existence when Σ is closed. Assume that (∇,φ) is an
irreducible solutions of equations (2.2a) and (2.2b), and ∂Σ = ∅. Chern–Weil theory tells
us that in this case |F0| has to be 2pi|d|Area(Σ) , where d is the degree of the line bundle L. By
inequality (4.2) and Chern–Weil theory again, we get that
2pi|d| =
∣∣∣∣∣∣
∫
Σ
F∇
∣∣∣∣∣∣ 6
∫
Σ
|F∇|ω 6 max
{
α, α
2β
}
Area(Σ)− 1
2
‖φ‖22 < max
{
α, α
2β
}
Area(Σ),
Strict inequality holds in the last step since φ 6= 0 somewhere. Thus there are no irreducible
solutions (by the contrapositive of the previous implication) when
max
{
α, α
2β
}
6 2pi|d|
Area(Σ)
= λ1.
When Σ is not closed, that is ∂Σ 6= ∅, the magnitude of the external magnetic field, B0,
can be any non-negative number. Equations (2.3a) and (2.5) and inequality (4.2) gives us
0 6 B0 = 1Area(Σ)
∫
Σ
F0 =
1
Area(Σ)
∫
Σ
F∇ 6 max
{
α, α
2β
}
− 1
Area(Σ)
1
2
‖φ‖22 6 max
{
α, α
2β
}
.
Strict equality cannot hold in the last step if φ 6= 0 somewhere, which proves that there are
no irreducible solutions when
max
{
α, α
2β
}
6 B0 = λ1.

Remark 4.2. By the definition of λ1, equation (1.3), it is easy to see (using the Kähler
identities) that
λ1 > inf
Σ
(|F0|).
Thus Main Theorem 2, a fortiori, still holds if λ1 is replaced with the (computationally simpler)
quantity inf
Σ
(|F0|) in inequality (1.5).
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5. Compactness
A real number E is a critical value of the energy (1.1) if there is a critical point, (∇,φ) ∈
CL⊕Ω0L, such that EF0α,β(∇,φ) = E. In this section we prove that there are only finitely many
critical values and furthermore the moduli space of all Ginzburg–Landau fields is compact.
Proof of Main Theorem 4. First, we prove that the set of critical values is bounded. By
(3.1) we see that the energy (1.1) is bounded below. If (∇,φ) is a critical point, then using
equation (2.1b) with ψ = φ, and inequality (4.1b) give us
EF0α,β(∇,φ) = 12‖F∇ − F0‖22 + 12‖∇φ‖22 − α2 ‖φ‖22 + β4‖φ‖44
6 1
2
CF0α,β +
α
2
‖φ‖22 − β2‖φ‖44 − α2 ‖φ‖22 + β4‖φ‖44
6 1
2
CF0α,β,
which proves that the critical values are bounded above.
Next, we show that the set critical values inherits the discrete topology from R, using a
result of Feehan and Maridakis about the Łojasiewicz–Simon gradient inequality. First of all,
note that the energy (1.1) is constant on gauge equivalence classes, hence we can impose the
Coulomb gauge fixing condition for the proof, that is we fix a smooth critical point (∇,φ)
and define the Coulomb slice to be
SC =
{
(∇+ a,φ) ∈ CL ⊕ Ω0L
∣∣ d∗a = 0 & a(n) = 0 ∀n ⊥ ∂Σ}.
By the argument shown in the proof of Lemma 3.1, every gauge equivalence class intersects
SC . The energy (1.1) is still analytic on the affine Hilbert manifold SC , thus its Hessian at
(∇,φ) is a symmetric bilinear form on the tangent space of SC , and it is defined as
H((a,ψ), (b,χ)) = ∂
2
∂s∂t
(EF0α,β(∇+ s a+ t b,φ+ sψ+ t χ))∣∣(s,t)=(0,0). (5.1)
for any (a,ψ), (b,χ) ∈ T(∇,φ)SC . Straightforward computation using equation (5.1) shows
that the operator defined by the Hessian is a compact (in fact algebraic) perturbation of a
Neumann-type Laplace operator, thus a Fredholm operator of index zero; cf. [13, Chapter 1],
in particular [13, Theorem 4.7] for details. Hence we can use [7, Theorem 1] for the energy
(1.1): for each critical point (∇,φ) there are constants δ, Z > 0 and θ ∈ [1/2, 1), such that if
(∇′,φ′) ∈ SC satisfies ‖(∇,φ)− (∇′,φ′)‖1,2 < δ, then
|EF0α,β(∇′,φ′)− EF0α,β(∇,φ)|θ 6 Z‖DEF0α,β(∇′,φ′)‖. (5.2)
In particular, if (∇′,φ′) is also a critical point, then EF0α,β(∇′,φ′) = EF0α,β(∇,φ).
Now assume that the set of critical values in infinite, and let {(∇0 + ak,φk)}k∈N ⊂ SC be
a sequence of critical points with distinct energies. Then {(∇0 + ak,φk)}k∈N satisfies the
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conditions of Lemma 3.1, as {Ek = EF0α,β(∇0 + ak,φk)}k∈N is bounded and the derivatives,
DE(∇0 + ak,φk), are zero for all k ∈ N. Thus there are sequence, {kl}l∈N and {gl ∈ G}l∈N,
such that {gl(∇0 + akl ,φkl)}l∈N converges in CL ⊕ Ω0L to a pair (∇0 + a∞,φ∞). Since the
energy (1.1) is an analytic function on CL ⊕ Ω0L, (∇0 + a∞,φ∞) also a critical point with
energy
E = EF0α,β
(∇0 + a∞,φ∞) = lim
i→∞
Ekl .
Let δ, Z > 0 be the constants corresponding to (∇0 + a∞,φ∞) in inequality (5.2). By the
definition of convergence there exist icr such that if i > icr, then
‖(∇0 + a∞,φ∞)− gl(∇0 + akl ,φkl)‖1,2 < δ.
The Łojasiewicz–Simon gradient inequality (5.2) then implies that Ekl = E for all i > icr
which contradicts our assumption that there are infinitely many critical values.
The compactness of the moduli space of Ginzburg–Landau fields,MF0α,β, defined in (1.8),
also follows from Lemma 3.1: Since the space (CL ⊕ Ω0L)/G is a metric space, it has the
Bolzano–Weierstrass Property, that is a subset M ⊂ (CL ⊕ Ω0L)/G is compact if only if
every sequence inM has a convergent subsequence inM. By the previous observation, the
energy (1.1) is bounded and has constantly zero derivative on the space of all solutions of
the equations (2.1a) and (2.1b). Thus every sequence in this space satisfies the conditions of
Lemma 3.1, thus has a subsequence that is gauge equivalent to a convergent one. That means
that the projection of the space of all solutions of equations (2.1a) and (2.1b) to CL ⊕ Ω0L/G,
which is (by definition)MF0α,β, has the Bolzano–Weierstrass Property, and thus compact. 
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